1 + ξζ k 1 + ξζ (q f −1)/p ≡ 1 mod q for k = 1, . . . , p − 1.
Introduction
Let p > 3 be a prime, ζ := e 2πi p , K := Q(ζ ) the pth cyclotomic number field, Z K the ring of integers of K, and p = (1 − ζ)Z K the prime ideal of Z K over p. In [Gr2, Conj. 1.5], G. Gras has given a conjecture which implies Fermat's Last Theorem (FLT): we recall here this conjecture which will be called Strong Fermat's Last Theorem conjecture , denoted briefly SF LT . in coprime integers u, v, where δ is any integer ≥ 0 and w 1 is any integral ideal of K, has no solution for p > 3 except the trivial ones for which u + v ζ = ±1, ±ζ, ±(1 + ζ), or ±(1 − ζ).
The cases uv(u + v) ≡ 0 mod p, uv ≡ 0 mod p, and u + v ≡ 0 mod p are called respectively the first, second, and special case of SF LT .
From some works of Furtwängler and Vandiver, Gras and I [GQ] have put the basis for a new cyclotomic approach to Fermat's Last Theorem by introducing some auxiliary fields of the form Q(µ q−1 ) with prime q = p in study of SF LT equation.
In this article, we examine some particularities of the second case of SF LT (hereinafter SF LT 2). Without loss of generality, we choose the following formulation of SF LT 2 in all the sequel: Observe that we assume p > 3 because, for p = 3, the diophantine equation has infinitely many solutions (u, v) where (u, v) = (s 3 + t 3 − 3st 2 , 3s 2 t − 3st 2 ) = (s + tj) 3 , where s, t spans all s, t ∈ Z, s + t ≡ 0 mod 3, gcd(s, t) = 1 (see [GQ] remark 2.6).
Thus it is always assumed in the sequel, without further mention, that p > 3 and p|v. Observe that SF LT 2 implies the second case F LT 2 of F LT .
In the first subsection, we will fix some general notations, conventions, definitions, and in the second subsection p. 4, we will state the main results of the article.
General notations and definitions
Notations 1.
-Let g := Gal(K/Q), for k ≡ 0 mod p and s k : ζ → ζ k the p − 1 distinct elements of g. -Let Cℓ K , Cℓ and Cℓ [p] be respectively the class group of K, the p-class group of K and the p-elementary class group of K. For any ideal a of K, let us note cℓ K (a) and cℓ(a) the class of a in Cℓ K and Cℓ.
-For any integer m > 0, let Φ m (X) be the mth cyclotomic polynomial and φ(m) the Euler indicator. For a, b ∈ Z\{0}, let us define Φ m (a, We assume that SF LT 2 fails for (p, u, v); then γ := u + vζ ∈ Z K is a p-primary pseudounit of Z K since γ ≡ u mod p (a generalization of a result of Kummer given again in [Gr2] , Theo. 2.2).
1 Usually q is said p-principal if the class cℓ K (q K ) is of order coprime with p. We have adopted this generalization of the definition because we are interested in this article to some p-power residue symbols η qK K for η a p-primary unit of K. Class field theory implies that η qK K = 1 even with this generalization.
Notations 2. Let q be a prime number dividing Φ n (u, v) with q | n and n = dp r where d is prime to p and r ≥ 0, which implies that q | uv and v u is of order n mod q (see [GQ] , Lem 2.11). We have
where ψ := e 
where q is a prime ideal of L over q because we have assumed q | n.
2 We denote by Q any prime ideal of M over q and by q K the prime ideal of K under Q.
Let us recall the definition of the pth power residue symbols in K and M with values in µ p (see [GQ] definition 2.13). 
for any Q | q K . In particular this implies
The main results
In the classical approach, the most part of the results on FLT for the exponent p are obtained by localization at p (Kummer, Mirimanoff, Wieferich, Vandiver and others) or by some properties of the p-class group of K (Eichler). There are less investigations with localizations at primes q = p (Sophie Germain, Vandiver, Wendt, Furtwängler, Krasner, Dénes and others).
Revisiting some ideas of Vandiver for F LT in [Va1, Va2] involving a systematic use of the pth power residue symbols
for a ∈ M coprime with Q (see definition 3), this article is a complement to the article [GQ] for localizations at primes q = p.
The main results of this article are : Assume that SF LT 2 fails for (p, u, v). Let q be any odd prime coprime with puv, f the order of q mod p, n the order of v u mod q, ξ a primitive nth root of unity, q the prime ideal (q, uξ − v) of Q(ξ).
1. if q is p-principal and n = 2p we prove (theorem 2.3) that
We shall derive, by example, of this congruence that:
-With a probabilistic estimate, more than half the primes r < p p/5 of even degree mod p should divide v (remark 3).
corollary 2.7 and 2.9).
(corollary 2.7 and 2.8). These two last results reinforce strongly the first and second theorem of Furtwängler.
If u + ζv ∈ K
×p , then p is irregular and there exists an effective constant C(p), depending only on p and smaller than Minkowski Bound, such that there exists at least one prime q < C(p) satisfying q not dividing uv, q non p-principal and
for a certain integer m ≡ 0 mod p and depending on q (theorem 2.13).
The principle of proofs of the article relies mainly on the p-Hilbert class field theory. Let us mention that, in this complement, we limited ourselves to the second case of SF LT and principally to p-principal prime q. By opposite, we took also in account the case where p divides the order n of v u mod q, not examined in [GQ] . See also [Qu2] for some improvements of these results in the second case F LT 2 of Fermat's Last Theorem.
The main theorem
At first, we give a definition and an elementary lemma independent of SF LT .
Definition 4. Let n = dp r , with d, p coprime and r ≥ 0. Let ξ be a fixed primitive nth root of unity ξ = ψζ r where ψ := e 2πi d and ζ r := e 2πi p r . For all 0 ≤ k < p − 1, let us define
Proof. Left to the reader.
The following lemma using Hilbert class field theory for K plays a central role in the article.
Lemma 2.2. Suppose that SF LT 2 fails for (p, u, v). Let q | puv be a p-principal prime, n the order of v u mod q, ξ := e 2πi n and q the prime ideal
. . , p − 2 and all Q|q with q K under Q.
The reason why k = p − 1 is discarded will be explained in remark 1 after the lemma 2.2. 4 ε k is used with this meaning in the sequel of the article. 5 Observe that
does not depend on k and recall that Q = q if r > 0.
Proof. Let us choose one Q over q with q K under Q and observe what happens when k varies thorough 1, . . . , p − 1: -We have uξ − v ≡ 0 mod q, so uξ − v ≡ 0 mod Q, hence with γ := u + ζv, we get
-The numbers s k (γ) are p-primary pseudo-units, which implies
-We can reiterate the same reasoning for all Q over q.
Remark 1. We explain why we can discard the value k = p − 1 of the index k. The value k = p − 1 is excluded because ε k would be null if and only if d = 2, r = 1 and k = p − 1. This particular case shall be directly examined in the corollary 2.9. For all the other (d, r, k), 1 ≤ k ≤ p − 1 with ε k = 0, we show now that it is always possible to express
we start from
where 1 + ξζ j is always nonzero, therefore 
, for all k = 1, . . . , p − 2.
The general case
Our main results on SF LT 2 are a direct consequence of the lemma 2.2 dealing with the decomposition of Q in a certain Kummer p-extension defined from the Vandiver's cyclotomic units. They will follow from: 
Proof. It is a reformulation of the previous lemma 2.2 where 
Proof.
1. If p | n then we have q = Q and, from theorem 2.3, we get for the pair (q K , Q) with
2. If p | n then for all k = 1, . . . , p − 1, we have
because for each triple (q K , q, Q) with Q over q and q K under Q we have
Remark 2.
6 Recall that Q = q if p | n. 7 In fact, we can consider all k = 1, . . . , p − 1 and not only k = 1, . . . , p − 2 from remark 1 except in the case where n = 2p which is examined directly in corollary 2.9.
1. The relation (1) is equivalent to : for all prime ideals Q of M = Q(ξ, ζ) over q then Q splits totally in the p-Kummer extension M p < (1 + ξζ k )/(1 + ξζ) > k=1,...,p−2 M.
Observe that lemma 2.2 implies similarly that:
(a) if 
Proof. From the first theorem of Furtwängler for SFLT, see [GQ] cor 2.15 (i) and the assumption q f −1 p ≡ 0, we derive that q does not divide u. The order of q mod p is even, so u q K K = 1 and q K is p-principal because Vandiver's conjecture holds for p. Then we apply corollary 2.4.
Remark 3.
1. If SF LT 2 fails for (p, u, v) with p|v and if the p-principal prime q < p, the probability is very small, for the ideal q of L over q, to split totally in the Kummer extension
..,p−1 M: let p δ be the degree of this Kummer extension; the probability estimate that q split totally in this extension satisfies
2. As a consequence, if SF LT 2 failed for (p, u, v) with p|v sufficiently large, these probability estimates suggest that the integer |v| should be a very large integer with a very large number of p-principal primes q|v with κ ≡ 0 mod p. We see that there is a large number of primes dividing v, a fortiori if we consider all such primes of even order mod p for q < p ν with for instance ν < δ − 2. It is reasonable to think that for p sufficiently large we have δ < p 4
, so we can take ν < Then SF LT 2 holds for p.
Proof. Suppose that SF LT 2 fails for (p, u, v). There are infinitely many q, so there is at least one q such that uv ≡ 0 mod q. Let n := q − 1, then u n − v n ≡ 0 mod q. Let ξ := e 2πi n and L = Q(ξ). There exists a prime ideal q of Z L such that uξ q−1 − v ≡ 0 mod q. Then, by corollary 2.5, we should have
≡ 1 mod q for all k = 1, . . . , p − 2, contradicting the assumptions made on q.
The existence of an infinity of primes q satisfying assumptions of corollary 2.6 is an open question because
2.2 The case n ∈ {p, 1, 2p, 2}
In this subsection, we suppose that SF LT 2 fails for (p, u, v) and we apply the lemma 2.2 in fixing n ∈ {p, 1, 2p, 2} to derive some strong properties of all the p-principal primes q dividing Φ n (u, v) for these values of n. Observe that we have M = K in all these cases.
2.2.1
The two cases n = p and n = 1.
The reunion of these two cases allows us to investigate the properties of all the p-principal primes q dividing u p − v p .
Corollary 2.7. Case n = p: suppose that SF LT 2 fails for (p, u, v). If q is a p-principal prime dividing
Proof.
for all k = 1, . . . , p − 2 from lemma 2.2. It follows that
, which implies that
, for all j = 1, . . . , p−1.
, and gathering these results we get
By conjugation by s ℓ , we get
Corollary 2.8. Case n = 1: suppose that SF LT 2 fails for (p, u, v). If q is a p-principal prime of order f mod p and q divides u − v then we have:
Proof. Here, we have M = K = L and ξ = −ζ which implies that v ≡ −ζu mod q = q K , thus
We obtain
= 1 and q ≡ 1 mod p 2 , which implies that
by multiplication we get
= 1 and finally:
With these definitions, we can always choose a set S such that Q p be smallest possible with Q p ≤ B p . Under the General Riemann Hypothesis GRH, we know that the whole ideal class group of K is generated by the set of prime ideals l with
where ∆ K is the absolute discriminant of K (see [BDF] ). Under GRH, we have generally Q p ≪ B p (where here ≪ means very small compare to) as soon as p is large.
Lemma 2.12. Suppose that u + ζv / ∈ K ×p . Then there exists at least one prime q ∈ S such that uv ≡ 0 (mod q).
Proof. Let γ be a pth root of u + ζv, γ :=
Therefore there exists at least one prime q ∈ S such that the Frobenius of all the prime ideals q K over q in H 1 /K are of order p and fix N 1 , so that their restriction to K( p √ γ)/K are of order p. Thus
we get a contradiction with lemma 2.11, so v ≡ 0 mod q.
(ii) If q | u we have Definition 5. For a definition of the character of Teichmüller ω of Gal(K/Q), see for instance [GQ] definition 2.8. Let us consider the characters χ i = ω i , 1 ≤ i ≤ p − 1. Let E be the group of p-primary pseudo-units of K seen as a F p [g]-module, and the χ i -components E i := E eχ i of E. The components E i are not all trivial because p is irregular.
Theorem 2.13. Suppose that SF LT 2 fails for (p, u, v) with u + ζv ∈ K ×p . Then p is irregular and there exists at least one non p-principal prime q ∈ S such that:
1. We have q | uv. 
n being the order of

Proof.
1. p is irregular as seen above. From lemma 2.12 it is possible to choose q ∈ S with uv ≡ 0 mod p.
2. The pseudo-unit γ = p √ u + ζv is not a pth power, hence in the decomposition γ = χ i γ eχ i on the p-1 characters χ i , i = 1, . . . , p − 1, there exists at least one i = m such that the pseudo-unit γ eχ m be not a p-power. Let us name γ m this idempotent.
γ m is a p-primary pseudo-unit; from Hilbert's class field theory and lemma 2.12 applied with H 1 and γ m , it is possible to choose one q K ∈ S such that γ m q K K = ζ wm with w m ≡ 0 mod p and γ i q K K = 1 for all i = m.
3. Here the extension M( p √ γ m ) is Galois on Q because its Galois group acts in letting globally unvarying the radical, when raising to a power prime to p, by use of the idempotent. We can always change q K in acting by conjugation to obtain w m = 1 and so
4. From s k (γ) = u + ζ k v for k = 1, . . . , p − 2 and uξ − v ≡ 0 mod q we get
where ε k = 1 + ξζ k , so, as in lemma 2.2, s k (γ) ≡ uε k mod Q for all Q over q and
because γ m is an idempotent, so
and also u(1 + ξζ) Q M = ζ, which leads to ζ −k m (1 + ξζ k ) ζ −1 (1 + ξζ) q f −1 p ≡ 1 mod q for k = 1, . . . , p − 1.
